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Abstract
A nonlinear fin equation in which the thermal conductivity is an arbitrary function of the temperature and the
heat transfer coefficient is an arbitrary function of a spatial variable is considered. Scaling, translational and spiral
group symmetries of the equations are determined. Classification of the functions for which these symmetries exist
is performed. In general, no useful symmetries exist for arbitrary thermal conductivity and heat transfer coefficients.
However, for some restricted forms of the functions, useful symmetries exist. A similarity transformation is used
to reduce the partial differential equation to an ordinary differential equation as an example.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
Fins are important elements for increasing the efficiency of heating systems. Due to its technological
importance and broad application, a nonlinear heat conduction equation with fins is considered. Aziz
and Na [1] considered a fin equation with linear thermal conductivity. Chung and Iyer [2] took a variable
heat transfer coefficient and investigated the optimization problem for rectangular and cylindrical
fins. Bobisud and Calvert [3] discussed two related one-dimensional steady state problems of heat
conduction/radiation in a cooling fin and outlined the existence conditions for solutions. Dulkin and
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Garasko [4] considered a power-law type of heat transfer coefficient in their analysis. Bert [5] analyzed
the problem of steady state heat conduction in tapered fins using a differential transform method.
Since the problems in Nature are nonlinear and a vast number of fin designs exist in applications,
a nonlinear heat conduction coefficient and an arbitrary heat transfer coefficient are considered in this
study. A mathematical treatment of the equation is given using similarity transformations. The aim of
this study is to determine the specific forms of the heat conduction coefficient k(θ) and heat transfer
coefficient f (x) for which the fin equation admits special Lie group transformations leading to similarity
solutions. Scaling symmetry, translational symmetry and spiral group symmetries are considered. For
applications of such symmetries, and determining specific forms of functions for which these symmetries
exist, see [6–10] for example. In [6] and [7], classification analysis with respect to the arbitrary shear
stress function is missing, and the missing parts of those analyses were completed in [8] by considering
specific forms of functions. For the degenerate case of f (x) = 0, a complete group classification has
been presented previously [11].
2. Similarity analysis
Consider the non-dimensional nonlinear fin equation [1]
∂
∂x
[
k(θ)
∂θ
∂x
]
− N 2 f (x)θ = ∂θ
∂t
(1)
where θ is the dimensionless temperature, x and t are the dimensionless spatial and time variables
respectively. The thermal conductivity is an arbitrary function of temperature and the heat transfer
coefficient is an arbitrary function of the spatial variable. N is the fin parameter.
Three special group transformations are considered in this analysis, namely, the scaling, translational
and spiral groups. Group classification of arbitrary functions with respect to these transformations is
performed. The detailed analysis is given in the following sections. Results are summarized in a table
for convenience. For a special choice of thermal conductivity and heat transfer coefficient, the partial
differential equation is reduced to an ordinary differential equation via similarity transformations.
3. Scaling symmetries
The fin equation should be invariant under the scaling transformation below:
x¯ = λax, t¯ = λbt, θ¯ = λcθ (2)
which leads to the following invariance conditions:
λ2a−bk(λ−c θ¯ ) = k(θ) (3)
λ−b f (λ−a x¯) = f (x). (4)
To determine the specific forms of these functions, the equations are differentiated with respect to λ and
expressed in terms of the original variables:
(2a − b)k(θ) − cθk′(θ) = 0 (5)
b f (x) + ax f ′(x) = 0. (6)
Eq. (5) leads to three distinct cases.
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3.1. k = k(θ)
For this case, the thermal conductivity is an arbitrary function of temperature which requires the
coefficients of Eq. (5) to vanish and hence b = 2a and c = 0. If the heat transfer coefficient is required
to be an arbitrary function of x , from Eq. (6) a = b = 0, which means that the fin equation does not
accept a scaling transformation when both functions are arbitrary. Selecting f (x) = 1 does not improve
the situation. However, solving (6) for f (x) with b = 2a yields f (x) = 1/x2. For this special choice,
the infinitesimals are
ξ1 = ax, ξ2 = 2at, η = 0 (k = k(θ), f = 1/x2). (7)
Note that x¯ = λax = (1 + ε)ax ∼= x + εax = x + εξ1. Similarly t¯ = t + εξ2, θ¯ = θ + εη. The constant
appearing in the solution of f (x) can be embedded into the fin parameter N .
3.2. k = k0
For this case, the thermal conductivity is constant. From Eq. (5), c is arbitrary and b = 2a. Requiring
f (x) to be arbitrary yields a = b = 0, and hence the infinitesimals are
ξ1 = 0, ξ2 = 0, η = cθ (k = k0, f = f (x)). (8)
For a specific form of f (x) = 1/x2 however, the scaling symmetries increase:
ξ1 = ax, ξ2 = 2at, η = cθ (k = k0, f = 1/x2). (9)
3.3. k = k0θβ
This case is obtained by integrating Eq. (5) directly. Here β = (2a − b)/c. f (x) cannot be arbitrary
since a = b = 0 from Eq. (6), which leads to β = 0, the previous case. For f = 1, the symmetries are
ξ1 = ax, ξ2 = 0, η = (2a/β)θ, (k = k0θβ, f = 1). (10)
The symmetries increase if Eq. (6) is integrated. The result is f (x) = xm where m = −b/a. The
infinitesimals are
ξ1 = ax, ξ2 = −mat, η = ((2 + m)a/β)θ, (k = k0θβ, f = xm). (11)
Note that the degenerate cases k(θ) = 0, f (x) = 0 are not considered since they lead to a different
equation.
4. Translational symmetries
One may now check the translational symmetries of the fin equation
x¯ = x + εa, t¯ = t + εb, θ¯ = θ + εc. (12)
Substituting into the original equation and requiring the transformed equation to appear similar to the
original one leads to the invariance conditions
k(θ¯ − εc) = k(θ) (13)
f (x¯ − εa)(θ¯ − εc) = f (x)θ. (14)
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Differentiating with respect to the group parameter ε and returning to the original variables yields
ck′ = 0 (15)
a f ′θ + c f = 0. (16)
Eq. (15) leads to two separate cases.
4.1. k = k(θ)
If k is an arbitrary function, then c = 0. From (16), if a = 0, f (x) remains arbitrary. Hence
ξ1 = 0, ξ2 = b, η = 0 (k = k(θ), f = f (x)). (17)
For the specific case of f = 1, the symmetries increase:
ξ1 = a, ξ2 = b, η = 0 (k = k(θ), f = 1). (18)
4.2. k = k0
If k is a constant, Eq. (15) is satisfied for an arbitrary c parameter. If f is an arbitrary function,
a = c = 0 from (16). The symmetries are
ξ1 = 0, ξ2 = b, η = 0 (k = k0, f = f (x)). (19)
The symmetries increase for the specific case of f = 1:
ξ1 = a, ξ2 = b, η = 0 (k = k0, f = 1). (20)
Here, k = k0 does not produce any gain compared to k = k(θ) and can be included in the previous
case.
5. Spiral symmetries (A)
Consider the spiral symmetries
x¯ = x + εa, t¯ = eεbt, θ¯ = eεcθ. (21)
The invariance conditions eventually lead to
bk(θ) + cθk′(θ) = 0 (22)
b f (x) + a f ′(x) = 0. (23)
Three distinct cases arise.
5.1. k = k(θ)
If k is considered to be arbitrary, from (22) b = c = 0. If f (x) is also arbitrary, from (23) a = 0 and
no spiral symmetries exist for this case. When f = 1 however, a = 0; hence
ξ1 = a, ξ2 = 0, η = 0 (k = k(θ), f = 1). (24)
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5.2. k = k0
For this choice, b = 0 from (22). If f (x) is arbitrary, a = 0 from (23). The infinitesimals are
ξ1 = 0, ξ2 = 0, η = cθ (k = k0, f = f (x)). (25)
If f = 1, then the symmetries increase:
ξ1 = a, ξ2 = 0, η = cθ (k = k0, f = 1). (26)
5.3. k = k0θβ
Integrating Eq. (22) yields k = k0θβ where β = −b/c. f (x) arbitrary or f = 1 special cases require
β = 0 and the results reduce to the corresponding ones in the previous section. An interesting new
function for f is obtained by integrating Eq. (23) which is f = exp(mx) where m = −b/a. For this
choice, the symmetries are
ξ1 = a, ξ2 = −mat, η = (ma/β)θ (k = k0θβ, f = emx). (27)
6. Spiral symmetries (B)
An alternative spiral symmetry would allow translations in the time variable instead of spatial
variable:
x¯ = eεax, t¯ = t + εb, θ¯ = eεcθ. (28)
The invariance conditions for this case would be
2ak(θ) − cθk′(θ) = 0 (29)
ax f ′(x) = 0. (30)
Three distinct cases arise.
6.1. k = k(θ)
For this case, a = c = 0 and f remains arbitrary. Hence
ξ1 = 0, ξ2 = b, η = 0 (k = k(θ), f = f (x)). (31)
6.2. k = k0
For this choice, a = 0 but b and c remain arbitrary. f is an arbitrary function also. We have
ξ1 = 0, ξ2 = b, η = cθ (k = k0, f = f (x)). (32)
6.3. k = k0θβ
Integration of Eq. (29) yields k = k0θβ where β = 2a/c. If f is arbitrary, a = 0 and hence β = 0.
The results of Section 6.2 will be valid then. If f = 1, all parameters remain arbitrary and hence
ξ1 = ax, ξ2 = b, η = (2a/β)θ (k = k0θβ, f = 1). (33)
The results of Sections 3–6 are summarized in Table 1 for convenience.
M. Pakdemirli, A.Z. Sahin / Applied Mathematics Letters 19 (2006) 378–384 383
Table 1
Classification of special Lie group symmetries with respect to the conductivity and heat transfer coefficient
Symmetry type Conductivity Heat transfer coefficient Infinitesimals
Scaling
k(θ) f (x) ξ1 = 0, ξ2 = 0, η = 0
1/x2 ξ1 = ax , ξ2 = 2at , η = 0
k0
f (x) ξ1 = 0, ξ2 = 0, η = cθ
1/x2 ξ1 = ax , ξ2 = 2at , η = cθ
k0θβ
f (x) β = 0, reduces to the case of k0
1 ξ1 = ax , ξ2 = 0, η = (2a/β)θ
xm ξ1 = ax , ξ2 = −mat , η = ((2 + m)a/β)θ
Translational k(θ) f (x) ξ1 = 0, ξ2 = b, η = 01 ξ1 = a, ξ2 = b, η = 0
Spiral (A)
k(θ) f (x) ξ1 = 0, ξ2 = 0, η = 01 ξ1 = a, ξ2 = 0, η = 0
k0
f (x) ξ1 = 0, ξ2 = 0, η = cθ
1 ξ1 = a, ξ2 = 0, η = cθ
k0θβ
f (x) β = 0, reduces to the case of k0
1 β = 0, reduces to the case of k0
emx ξ1 = a, ξ2 = −mat , η = (ma/β)θ
Spiral (B)
k(θ) f (x) ξ1 = 0, ξ2 = b, η = 0
k0 f (x) ξ1 = 0, ξ2 = b, η = cθ
k0θβ
f (x) β = 0, reduces to the case of k0
1 ξ1 = ax , ξ2 = b, η = (2a/β)θ
7. A similarity transformation
Choosing the scaling symmetry with k = k0θβ and f = xm from Table 1, the determining equations
for the similarity variables are
dx
ax
= dt−mat =
dθ
(2 + m)aθ/β . (34)
Solving the system, one has the similarity variable and function given below:
µ = xt1/m, θ = t− 2+mβm θ(µ). (35)
Substituting these variables into the original equation with the specific choice of f and k functions, one
finally converts the partial differential equation into an ordinary differential equation:
k0θβθ ′′ + k0βθβ−1θ ′2 − 1
m
µθ ′ +
(
2 + m
βm
− N 2µm
)
θ = 0 (m = 0, β = 0). (36)
The equations are highly nonlinear and should be solved numerically for given boundary conditions.
However, it is much easier to solve this equation numerically than the original partial differential
equation.
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8. Concluding remarks
Similarity analysis of the nonlinear fin equation is performed by employing special Lie group
symmetries, namely the scaling, translational and spiral transformations. Since the conductivity and
heat transfer coefficient are variable functions of temperature and the spatial coordinate respectively, a
classification of the symmetries with respect to special forms of these functions are given. The results are
summarized in Table 1, which may guide researchers seeking similarity solutions of the fin equation. A
similarity solution for a special scaling transformation is given as an example. Other similarity solutions
can be produced with ease from the table.
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